Improving the accuracy of peak runoff height estimation for flood risk reduction purpose is one of the research targets in hydrology. Peak runoff height is generally simulated by hydrological models deterministically. A recent study suggested that the rainfall-runoff system can be expressed as a stochastic differential equation by adopting the Fokker-Planck equation in association with rainfall pattern. The objective of this study is to estimate the uncertainty of peak runoff height by considering uncertainty of effective rainfall through the water holding capacity in addition to the uncertainty of rainfall pattern. Results show that the uncertainty of peak runoff height increase with the increment of uncertainty associated with rainfall pattern, whereas uncertainty of water holding capacity needs to be considered in the quantification of the uncertainty of peak runoff height.
INTRODUCTION
Simulating peak runoff height with higher accuracy is one of the research targets in hydrology. It can be classified into two types of hydrological models such as lumped and distributed types 1) -4) . These hydrological models basically simulate the peak runoff height deterministically. However the timing and amount of peak runoff height is sensitive to rainfall patterns both in temporally and spatially due to the non-linear characteristics of rainfall-runoff processes 5) . The non-linearity of runoff phenomena in mountain catchments was investigated by using water holding capacity distribution based on total rainfall-total rainfall loss relationship that is well fitted using the tanh function fitting curve 3), 6) . In Japan, in-situ observation such as the Automated Meteorological Data Acquisition System (AMeDAS) Japan Meteorological Agency (JMA) and Ministry of Land, Infrastructure, Transportation, and Tourism (MLIT) rain gauges cover the whole Japan. Rain gauges measure the rainfall quantities close to the land surface but there is limitation on their spatial representativeness. The measured amounts are influenced by several factors such as wind, snowfalls, station relocation, and change of the sensors 7) . The gauges based precipitation measurements can be biased by factors like wind and evaporation in the range of 10-20% 8) . C-band radar (both JMA and MLIT) and X-band multi-parameter radar estimates precipitation with high spatial and temporal resolution over extended areas but affected by several factors such as hardware calibration, mountain blockage, and anomalous propagation. However, whether measured directly by rain gauges or indirectly by remote sensing techniques, all precipitation estimates contain uncertainty 9) . The randomness characteristics in Brownian motion explained about uncertainty. The role of Gaussian variables in probability led to a first theory of Brownian motion 10) . Paul Langevin introduced a stochastic force and derived Einstein's theory of Brownian motion from Newton's second law 11) . Thus, a recent study investigated the uncertainty of peak runoff height due to the uncertainty of rainfall pattern by using the Stochastic Differential Equation (SDE). This study showed that the probability of runoff height can be derived from the Fokker-Planck equation. Results showed that the peak runoff height
2 uncertainty is due to 10% uncertainty of rainfall pattern 5) .
Other recent studies applied total rainfall and total rainfall loss for 47 mountainous catchments in Japan, and results showed that the obtained runoff parameters consists of standard deviation values due to soil moisture initialization, interception, or depression storage. The standard deviation values represent the uncertainty of water holding capacity which result in the uncertainty in the obtained peak runoff height 12), 13) . Therefore, the objective of this study is to propose two different methods namely ensemble and SDE methods for estimating the uncertainty of peak runoff height due to uncertainty of water holding capacity in addition to uncertainty of rainfall pattern.
The methodology is presented in Section 2, the results are presented in Section 3, the discussion is presented in Section 4, and conclusion is summarized in Section 5.
METHODOLOGY (1) Study area
The target catchment for this study is Kusaki dam catchment in Gunma Prefecture (263.9 km 2 ). The data is hourly rainfall and runoff obtained from the MLIT database from June to October for 30 years (1982-2011) 12) . One rainfall event where the total rainfall is 266 mm and the rainfall duration is 101 hours is used as the target rainfall in this study.
(2) Lumped rainfall-runoff model
A streamflow hydrograph was separated into base flow and direct runoff components using the streamflow hydrograph separation technique (HYSEP) introduced by the U.S. Geological Survey (USGS) 14) . After separating a hydrograph into base flow and direct runoff components, total rainfall and total rainfall loss can be obtained. Total rainfall is defined as the total amount of rainfall within one rainfall event, whereas total rainfall loss is defined as the total amount of rainfall that does not contribute to direct runoff such as infiltrates into the ground 12), 13) . Total rainfall loss, , can be expressed by the linear Volterra-type integral equation of the first kind 3),6), 15) : (1) where is total rainfall (mm), is total rainfall loss (mm), is the water holding capacity distribution (1/mm), and is the water holding capacity (mm). The solution of Eq.(1) can be obtained by Laplace transformation:
where is Dirac's delta function. The total rainfall-total rainfall loss relationship is expressed using the well-fitted tanh function fitting curve:
where a and b are the runoff parameters. By substituting Eq. (3) into Eq. (2), and solving the derivative equation, the water holding capacity distribution profile is expressed as follows:
where is the water holding capacity distribution profile (1/mm).
From Eq. (3), a and b are the important parameters that influence the value of . as total rainfall loss mainly express the portion of rainfall that infiltrates into the ground. The higher infiltration rate reflects the higher catchment permeability. Thus, the bigger values of and indicates the higher catchment permeability, and represents the fraction of permeable area in the catchment. From Eq. (4) , and is interpreted as the fraction of impermeable area in the catchment.
By integrating Eq.(4), the outflow contribution rate which is defined as the rate portion of rainfall that contributes to direct runoff can be obtained (see Eq. (5)). If the outflow contribution rate is equal to 1, it means that initially catchment condition is saturated, and all portion of rainfall becomes direct runoff.
where is the accumulation of hourly rainfall in every time step until it reaches total rainfall mm , and is time (h). The effective rainfall intensity can be calculated as follows: (6) where is the effective rainfall intensity (mm/h), and is rainfall intensity (mm/h). The basic equation to simulating runoff height: * * *
where 1 
where * is the runoff height (mm/h), is slope length (mm), is a resistance coefficient, and is one of the runoff parameters which is a function of resistance coefficient, . Eq. (7) is the well known storage function method which is widely used for researches and practical purposes in the mountain catchments. where μ , is the drift term, , is the volatile/random term, and is the Wiener process.
The non-linearity of random term in Eq. (10) is expressed up to the second term of Taylor series expansion. Thus, only the drift and random term enter in the distribution function equation, and it is called Fokker-Planck equation (see Eq. (11)): where , is the probability density function.
(4) Uncertainty of water holding capacity
The relationship between total rainfall and total rainfall loss for Kusaki dam catchment is plotted by using Eq.(3). Fig.1 shows the relationship between total rainfall and total rainfall loss where total rainfall varies from 0.3 mm to 539.5 mm.
Total
the initialization of soil moisture that affects the uncertainty of water holding capacity. Parameter a in Eq.(3) equals to the height of the tanh curve (see Fig.1 ) that consists of standard deviation value which can represent the initialization of soil moisture conditions. Thus, the standard deviation of parameter a represents the uncertainty of water holding capacity 12), 13) .
(5) Uncertainty of peak runoff height
The uncertainty of peak runoff height is quantified by considering two different types of uncertainty i.e. uncertainty associated with rainfall pattern, and uncertainty associated with water holding capacity. Two methods are proposed to quantify the uncertainty of peak runoff height i.e. ensemble method and SDE method.
a) Ensemble method
Total rainfall loss against target total rainfall behaves Gaussian. Thus, 103 cases of runoff parameters are estimated by considering that parameter a behaves Gausssian (normal distribution). Then, each of cases is used to simulate runoff height by using Eq.(7). The uncertainty of peak runoff height is quantified by subtracting the maximum and minimum peak runoff height among 103 cases.
b) Stochastic differential equation (SDE) method
In this method, the uncertainty of peak runoff height is quantified by modifying the effective rainfall intensity as follows: (12) where is the effective rainfall intensity based on the deterministic value of runoff parameter a (mm/h), and is the uncertainty that contributes to the uncertainty of peak runoff height (mm/h).
Then the uncertainty of peak runoff height can be obtained by substituting Eq.(12) into Eq.(7): * * *
After rearranging and multiplying Eq.(13) by : * * * *
The random term in Eq. (10) i.e.
, is analogous to the term in Eq. (14) . Thus, after replacing with
, , 
From Eq. (10) , is the probability density function of runoff height. In this study the uncertainty that contributes to the uncertainty of peak runoff height, is considered for 2 cases as follows:
i. Uncertainty associated with rainfall pattern.
where is the rainfall duration (h), and is the uncertainty of rainfall pattern (%).
ii. Uncertainty associated with water holding capacity in addition to uncertainty associated with rainfall pattern. The uncertainty associated with water holding capacity is estimated by calculating standard deviation (1σ) of the hourly effective rainfall intensity among 103 cases. Then uncertainty of water holding capacity is added to the Eq.(22) to demonstrate the affect of both uncertainties to the uncertainty of peak runoff height.
RESULTS (1) Ensemble method
After estimating 103 values of parameter a and b, those values are used to calculate water holding capacity distribution to estimate the effective rainfall intensity for simulating runoff height. The total rainfall-total rainfall loss relationship among 103 cases are overplotted to demonstrate the range of uncertainty of effective rainfall intensity due to uncertainty of water holding capacity (see Fig.2 ).
After obtaining runoff parameters from the relationship between total rainfall and total rainfall loss, effective rainfall intensity can be estimated by using Eq.(6) and runoff height can be simulated by using Eq.(7). The overplotted effective rainfall intensity and runoff height among 103 cases are shown in Fig.3 and Fig.4 , respectively. 
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Results show that among 103 cases, total rainfall loss in the constant stage varies from 106.9 mm to 128.3 mm (see Fig.2 ). The maximum and minimum values of effective rainfall intensity during the peak time are 21.7 mm/h and 19.3 mm/h, respectively (see Fig.3 ). The maximum and minimum values of runoff height during the peak time among 103 cases are 8.5 mm/h and 7.2 mm/h, respectively (see Fig.4 ).
(2) Stochastic differential equation method
In this method, two different types of uncertainties are considered to quantify the uncertainty of peak runoff height for several cases. For each case, the uncertainty associated with rainfall pattern is calculated for different percentage i.e. 5%, 10%, 15%, 20%, and 25%, whereas the uncertainty associated with water holding capacity remains the same. For each case, two cases are considered i.e. only considering uncertainty associated with rainfall pattern and considering both uncertainties. By solving Eq. (21) numerically based on Runge-Kutta methods, and chose the solution at time to peak, then probability of peak runoff height can be obtained (see Fig.5 ).
The peak runoff height uncertainty is calculated by finding the values of runoff when the PDF value is close to zero i.e. 0.000011. The average value of peak runoff height for all of cases is 8.7 mm/h. The results are summarized in Table 1 :
DISCUSSIONS
Two proposed methods i.e. ensemble and SDE methods to quantify the uncertainty of peak runoff height have different characteristics. The ensemble method is based on the water holding capacity distribution theory to know the amount of water that can be hold in a catchment. By using 103 values of runoff parameters, the same value of total rainfall generates different values of total rainfall loss. The total rainfall loss variation is 21.4 mm (see Fig.2 ). This variation is mainly due to the initialization of soil moisture condition which reflects the initial water storage. If the catchment is initially wet, then more water become direct runoff when it rains, and if the catchment is initially dry, then more water can be stored in the ground when it rains. Hence, the initial water storage affects the amount of direct runoff that causes flooding. The variation of effective rainfall intensity is 2.4 mm/h (see Fig.3 ), whereas the average value of peak runoff height due to uncertainty of water holding capacity based on ensemble method is 7.9 mm/h (see Fig.4) . Two different cases are considered in the SDE method i.e. by considering only uncertainty of rainfall pattern and by considering two uncertainties associated with rainfall pattern and water holding capacity. For each case, different percentage of uncertainty associated with rainfall pattern i.e. 5%, 10%, 15%, and 20% is considered. Results show that the peak runoff height uncertainty increase with the increment of uncertainty associated with rainfall pattern, and in average, the uncertainty of water holding capacity contributes 0.8 mm/h to the uncertainty of peak runoff height. The average value of peak runoff height based on SDE method is higher than that of by ensemble method because SDE method considers two uncertainties, whereas ensemble method only considers uncertainty associated with water holding capacity.
CONCLUSIONS
The conclusions can be summarized as follows: (a) Two different methods namely ensemble method and SDE method are proposed to quantify the peak runoff height uncertainty. Results show that peak runoff height uncertainty increase with the increment of uncertainty associated with rainfall pattern. (b) Uncertainty of water holding capacity needs to be included in the quantification of the uncertainty of peak runoff height.
